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Whittaker’s cardinal function is used to derive various types of extremely
accurate approximation procedures, along with error bounds, for interpolating,
integrating, and evaluating the Fourier (over (—w, <) only) and the Hilbert
(over (—x, ), (0, ), and (—1, 1) transforms of functions. Formulas over
(—oo0, o) are obtained directly; in practice these are especially suitable for
functions that are analytic in the strip 2/ = {x +iy: |y| < d}, d> 0, and
which go to zero rapidly as x — 4 2. We obtain analogous formulas and error
bounds for approximations over contours in the complex plane, by use of a
conformal map transformation taking &, onto some other domain £. Some of
the new results are rather surprising. For example, if fis analytic and bounded in
the unit disc f(4-1) == 0, and if F is defined by F(x) = (1 — x*= f(x), where
« > 0, then taking & = #/(2aN)'/3, yields

x o sin {Grllog (1 + x)/(1 — x) — kil
P = 2 Fanh i) o Tog (T /(1 — ) — ki -

= O(N2gnNai2'®y a0 N o,

for all x e [—1, 1]. This result should be compared with that of interpolating F

over [—1, 1] by a polynomial P,y of degree 2N for which [Timan, A. F. *“Theory

of Approximation Functions of a Real Variable,” Fitzmatgiz, Moscow, 1960]
MaX(era,10) | FX) — pan(x) | > /N

for all N > 0, where ¢ is a positive constant independent of N.

1. INTRODUCTION AND SUMMARY

Let f be a given function defined on the real line R. Whittaker’s cardinal
function, C(f, A, x), is defined by

C(f, h, x) = jV_: f(kh) sinc [(x — kh)/h] (1.1)

E=—o
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whenever this series converges. In (1.1), / is a positive constant, and
sinc x = sin wx/mx. (1.2}

The function C(f, &, -) was discovered by E. T. Whitiaker [17] and studied
extensively by J. M. Whittaker (see, e.g., [18]).
Let us set

N
Carnlfihyx) = Y f(khysinc [(x — ki/i] (1.3)

k=—M

N
Tunx(fil)="0h > [flkh). (1.4)
h=—M

The approximation 7,y y is obtained by integrating Cuy y over R. In 1949
Goodwin [4] discovered the incredible accuracy of the approximation T,
of the integral of f over R, for those functions f which are analytic in the strip
Zy ={x+iy:|y ! < d}and which converge rapidly to zerc as x — L.
As may be expected, Cyr y(f, #, -) is also a very accurate approximation of
such a function fon R.

Many of the known properties of C(f, &, ) are described in [8]. In the
present paper we briefly recall some of these, and we derive some others.
We show, for example that the Hilbert transform of Cy, o (f. A, -} over R is
a very accurate approximation of the Hilbert transform of an analytic
function f of the type referred to above.

In addition, we derive some new analogous approximation formulas by
use of conformal transformations of the region &, onto other regions Z.
For example, by taking & = {z = x 4+ iy: | z | << 1} we obtain formulas
for interpolating, integrating, and evaluating the Hilbert transform of
functions over {—1, 1); by taking @ = {x + iy: x > 0}, we get analogous
formulas over (0, o).

We also obtain accurate error bounds, which enable us to identify classes
of functions for which the formulas are very accurate. For example, if f is
analytic in {x + fy:x > 0}, if
.dy <o, [ fRe)d6 >0 as R

s {1.5)

e | Fle i)
1 A4
c»l%l()r'}; Jo c + 7)'

and if | f(x)] < Cx¥(l + x¥* on [0, o], where C and « are positive
constants, then by taking 4 = 7/2aN)'/2,

N o
) — Y f(e") sinc [M] —= O(N12g-mt@@ iy (1 6)

L=—N
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as N — oo, uniformly for x &[0, co]. Similarly, if f is analytic in {x + iy:
x > 0}, if f satisfies

tim [ e+ mldy <o, [T RO >0 a5 R o,
0T J_o —7/2
(L.7)

and if | f(x)| < Cx* /(1 4 x2)*-1/2, for all x (0, ov), where C and « are
positive constants, then by taking 4 = =/(aN)V/2,

N Klb-ho 2
PVf F(t) dt 3 Z F(xeltin/z) — O(g—retlaiizy (1.8)

1 —kh hj2
as N — oo, for every fixed x in (0, o).

Each of the above estimates is derived by first obtaining a Davis-type
error bound [1, p. 345] and then minimizing this bound by expressing the
step-size 4 as a function of N.

2. PROPERTIES OF C(f, h, x)

Let us briefly recall some known properties of C(f, h, x) (see [8]).

DEeFINITION 2.1. Let B(#) denote the family of all functions fe L(R)
such that fis an entire function of order < 1 and type < n/h, ie.,

/@] < Cemlzi/n @1

for all complex z where C is a constant, and
1718 = [ 1P dt < co. 22)

TaeoreM 2.1 [8]. If fe B(h), then

@) = C(f b, 2) 23)

Jor all complex z.

TaeOREM 2.2. Iffe B(h), then

lim f f(&)dt—h Z f(kh) = 0. (2.4)

R0
k=-—n
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Proof. This result follows directly from (2.3) upon integration of the

cardinal series, and using the identity

[ sinc(x/h) dx = .
R

The relations
{ sinc (___x — mh \i sinc (__x —nh dx = 1 if
T ho U ) ) - :
=0 if

where m and # are integers, lead to

THeEOREM 2.3. If fe B(h), then

x

[1ozar=n 3 | fad

b=—or

The sequence

{1/ sine((x — ki) o__

fee]

iy therefore o complete orthonormal sequence in B(h).

Let us next define the Hilbert transform Hf, by

m=n

n

= 7

2.6

2.7

2.8)

-~
N
D

N’

where fe L?(R), p > 1, and where P.V. denotes the principal value. Let us
assume that f'is such that there exists a function Fin ZYR)(p=* + g7t = 1},

such that
fx) = | =P dt,
YR

and define Pf by
(PO = [ e F@) dr.
Y0
Then (see, e.g., [12])

Hf = 2Pf — f.
The identity

_ Tk R
sine [Y—kh] — J' o (,ﬁ_ e—ikhigint gy
h —aip \ 2T

(2.10)

(2.11)
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thus yields
- c— ki (h/ 2. ))[ im(wo—kh) /B 1]
P (sine [~=72]) () = (ﬂi(fc——kh) ’
so that
I (smc [_—h_kh]) (x) = 52% (x — kh) sinc? [‘;—hkh]

By collecting the above results, we get

THEOREM 2.4. Let f€ B(h). Then

Jx) = C(f; b, %);

[ e di = S fkky s, | x| <mfh

k=m0

-0, | % | > mfh;

H

BN = 57 3 Sl [C ]

(HF)(x) = ’5% li fUeliyex — Jeh) sine® [ ;hkh !

=—a

where Pf and Hf are defined in (2.11) and (2.9), respectively.
The explicit form (2.19) was derived in [13].

3. INTERPOLATION OF ANALYTIC FUNCTIONS

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

DeriniTiON 3.1.  Let B;?, where d > 0, p == 1 denote the family of all

functions f that are analytic in

2/ ={x+iy: |yl <d}
such that

d

fdlf(x+iy)ldJ‘—>0 as x— oo,
and such that

N p @) = lim ([ 1fGe+ e ax)

(hp ) = lim {(| 1F6e + )l dx)

+ ([ 15— i) "] < o0,

G3.1)

(3.2)

(3.3)
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Tueorem 3.2. Let fe B, p = 1 or 2, and define «(f) by
(f)x) =flx) — C(f. h, x) (3.4}

where — o0 < x < 0. Then?

, _sin(mx/h) 1 | G —idY)
) =—5 [ (1 — x — id) sin(=(t — id)/h)
f(t +id) / i, (3.5)
Tt — x + id)sin(a(r + id)jh)) * '

Moreover, if f< B, then
PPN N1, 24) g
It el < 207 simh(md ) (3.6)

while if fe B2, then
£\ IV(]: 2: gd,)

| €(Dllg 5 2(md) 2 || e( il < W . (3.7

Proof. We shall first get (3.5) by proceeding as in [5, 6, 8]. Let r and s
be real, and let a contour L, be defined by L, = {r +is: |r| < {(n + 1/2)4
and s = +d, r = +(n -+ 1/2)h and | 5| < d}, where n is a positive integer.
Then L, encloses the points x = 0, 44, -=24,..., --nk. Hence we deduce from
Cauchy’s theorem, that if —nh < x < nh,

F) — Y fGkh) sinc[(r — ki) = Lim ST/ [ - flez)dz

el ‘1— 2 L, Xy sin{wzfh) -~
3.8)
If v and v are real, the relations
| sin(u -+ iv)| = [sinh? v - sin? /2 = sinh | ¢ | (3.9)

show that on the vertical segments of L, , |sin{#((n + 1/2)h + is)/A]? =
sinh?(ws/k) + 1 > 1; hence letting n — <o in (3.8) and using (3.2) we get
{3.5). Notice that by letting x depend upon n, —n < x < 1, we may let
x — oo along with +n.

In order to get (3.6), we proceed as in {5, 6, 8]. We simply use (3.9), as
wellas |t — x +id| = din (3.5).

We next proceed as in {12] to get (3.7). Consider the integral

L f(t — id) dr
169 = fR (t — x — id) sin[n(t — id)[l]~ >

w
.
=
Nl

* Here and elsewhere [g F(¢ -k id™) dt = limy4- [ F(¢t £ ) dr.
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Schwarz’s inequality and (3.9) now yield

| f(t — id™)| dt
[ I(x)] < J‘R [(t — x)® 4 d?]'/% sinh(md/h)

dt

< sinh(ird/lz) (fR 7 — xE+d&° )1/2(fR Lf(t —id)P? a?t)l/2 (3.11)

/L2 e oAl
:g’(ﬁh/(%‘-,m(flaff(t~—ld“)]“dt)/.

A similar treatment of the second integral in (3.5) leads to the || e(f)|, bound

in (3.7).
If @ & L3(R), the function @ defined by

D) = [ eig(r) dt
‘R
is also in L*(R). Moreover, by Parseval’s theorem,
1 2 — 2
5 | 190y dx = [ 1o dr
Furthermore, if @, (x -+ iy) is defined for y > 0 by
D.(x+iy) = f ’ etrte=vto(f) dt
0
1 D(t) dt
B 27riJRt—x—iy’
then by (3.13)
[0+ ip)dy = 27 | " emrt | or)2 dr
Jr 0
<2 [ o) dt
R
= [ | B)p dx.
*R
By applying these results to (3.10), we get

) o[ | S —id)
1715 < (2m) Lim

2

dt

(2m)? N
<WfR|f(t—zd)l dr.

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)
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A similar treatment of the second integral in (3.5) Ieads to the || ( f}[; bound
in (3.7).
This completes the proof of Theorem 3.2.

4. APPROXIMATE INTEGRATION OF ANALYTIC FUNCTIONS

Let = B.L. If we integrate both sides of (3.4), we get
1) = | o) dx = | f)dx—i z Fkh). @.0)

We substitute (3.5) into (4.1), interchange the order of integration, and use
the identities

1 sin(mx/h) dx __’-_ i aite T (.
Eif“—xiid_zfe ¢ “2)
to get
P - L (f@ +id™) ettt f(t —id7) ettt ”
W) =S5 |V Sinttc Ty~ sinrr = @)
Taking the absolute value, we thus arrive at
THeOREM 4.1, If fe BSl, then
— d i
I’?(f)l\WN(fl » Z4) (4.4)

where y(f) is defined as in (4.1), and N(*) as in (3.3).
The proof of (4.4) is similar to that in [5]. The bound (4.4) was obtained by
a different procedure in {6, 8].

5. APPROXIMATION OF FOURIER AND HILBERT TRANSFORMS

We make the approximation

f et () dt =~ h 2 fkh) ettrz, | x| < w/h
E=—wm
=0, | x| > njk

for the Fourier transform of f, where fe Bit. For each | x| < #/Ah, the
function g € B, where g(¢) = e*f(¢). By applying Theorem 4.1, we get
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THEOREM 5.1. If f< B, then for all x € [—w/h, n/h],

_ N1, 94)

= m . 5.2)

) fR Gofeydi —h Y f(kh) e

k=—x

Let us next obtain two Hilbert transform approximations. We assume that
feBg? p=1or 2 If ue R then it is readily verified using (2.10)-(2.12),
that

P.V. sin(wx/h) dx o i 1
mi Ja(t —x Fidx—u)  {tLtid—u

[exitt£idn/n cos(ml/h)]g .

(5.3)
Let Hf be defined as in (2.9). Taking the Hilbert transform of each side of (3.5)
and using (2.15) and (5.3), we get

2,

f@t —id?) e -tk — cos(mufh)
t—u—id [ sin[(t — id) =/h] ]

F(t+id) | et — cos(mulh)
- [ Sin[(7 — id) i) [j a

t—u-id
= (Hf)(x) — ’2% éw F(kh)(x — kh) sinc? [%] (5.4)

By proceeding as in the proof of Theorem 3.2 and using the inequalities
lt—u<id| >d and

e—md/h L 1 e—7d/(2h)

eEitiEdm /b — cos(mufh) o
sinh(wd/h)  sinh(wd/(2k))

sin[(z =+ id) 7/h]

| <
we deduce the results of the following theorem, which we believe to be new.

THEOREM 5.2. Let 6(f) be defined by

0(f)(x) = (Hf)x) — (HC(S, h, ))(x), (5.5
where Hf is defined as in (2.9), and HC(f, h, -) is explicitly expressed in (2.19).
If fe B2, then
e IEIN(E 1, D)

I (5.6
while if f € B, then
e*ﬂd/(2h)N(ﬁ ], gd,)
1ol < 5 nhtedi2R) 5.7

where N(f, p, 2;') is defined in (3.3).
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We shall derive another approximation of Hf for the case when fe B,
p = 1 or 2, by proceeding as in [S]. An alternate expression for Hf is

N = o [ LEZDIEZD g [ eina G
where
8 = 51 gf(x AR Jh]/;(x — = B2} (5.9)
and where g € B Setting
w9 = [ e —h _z;f g(kh) (5.10)
and using (4.3), we get
"9 ="g [ | gS(Iil[:T(i‘d:—) zec;)/t;]h - il(rz;[;—(;i)l;//; . (1D

By proceeding as in the proof Theorem 3.2, Eq. (3.6), we arrive at

THEOREM 5.3. Let fe B;®, p = 1,2. The error n{ g) defined in (5.10) is
also expressed as follows:

- L o flx + kh -+ R/2) £ 1
7(g) = (H)(x) — — ; i (5.12)
Lei N(f, p. 25 be defined as in (3.3).
(a) Iffe By, then
e-—mirh e
(e < mm;‘, 1, 9. {5.13)
(b)y Iffe By then
e—'nd.‘v'h , _
(Dl < S ) smh(ad]h) N(f, 2,24 {(5.14)
6. FORMULAS OBTAINED BY CONFORMAL MAPPING
Let ¢ be a conformal map of a simply connected domain & onto
={x+ilyl <a/2} {6.1)

Let us denote the boundary of & by C, let @ and & + a be points of C, and
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let us assume that p(a) = — o0, p(h) = 0. We denote the inverse function,
@1 by 1, and set y = y{((— o0, 0)).

Let B(Z) denote the family of all functions F that are analytic in &, such
that

N(F, 2) = lim_inf JCllF(z) dz| < oo (6.2)
and such that
[ |F@)d1—0 as u— oo, (6.3)
v (u+L)
where
L={y:|y] <2} (6.4

Let us define f by
FOw) = F(h(w)) ' (w). (6.5)
By recalling the definition of N(f, 1, £') in Eq. (3.3), it then follows that
N(F, 2) = N({J, 1, 2. 6.6)
TurEOREM 6.1, Let Fe B(Z). Let z, be defined by z;, = J(kh), k = 0,
+1, 4-2,....
(@) Ifzey = f((—oo, ), then

A Fiz) & Fl@) . o(z) — kh
MO =5~ X ey sine [ (6.7)
is bounded as follows:
N(F, 2)
1 3Pl < 2 smh(?/2) ° (6.8)
where N(F, D) is defined in (6.2).
(b) Let w(F) be defined by
W(F) = f: FG)ds—h _i % . (6.9)
Then
| w(F)| < W% N(F, 9). (6.10)

Part (b) of Theorem 6.1 was proved by a different procedure in [14].
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Part (a) of Theorem 6.1 is not in the most suitable forn: for purposse of
interpolating ¥ on y. However, upon replacing F' by ¢'F, we immediately
get the following result, which we believe to be new.

THEOREM 6.2. Let G be defined by

G(2) = F(2) ¢'(), (6.11)
and let G < B(Z). Then for all z ey,

2) — P(z ) kh N(G, Z) -
’ £z) ;x F(z) sine | ]I S wismheyany (O
where z; = y(kh), and N(G, Z) is defined as N(F, 2) was, in (6.2).
Let us next derive a formula for approximating
PFE) \
(HF)z) = — f 2 (6.13)
where the integration is along v = $((~-c0, ®)), and z € y. Setting
t=1u), z=d(w) (6.14)
we get
P.V. ¢ F($W) '(u) du
FYz) =
(HOE) = | e g

; g Fibu +w) '@ +w)  F@w —w) v — ) ”
Pl 4wy — P(w) S —u) — Sy VT
(6.13)

Applying Theorem 4.1, we get

THEOREM 6.3. Let z €y, and let (HF)(z) be defined in (6.13). If G € B(2),
where G(1) = F(O/(t — 2),

| N b & FHe(2) + kh - 1)2)) F ((2) + kh + h/2)
| EDE = 5 ,2;00 Hp(2) + ki -+ Bj2) — I
e—n‘z/(zm
NG, 2), (6.16)

S S snh(Om)
where N(G, 2) is defined as in (6.2).

This result is believed to be new.
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7. APPLICATIONS OF CONFORMAL MAPPINGS

Let us begin with approximations over (—1, 1). To this end, in the notation
of Section 6, let F be analytic in

Z ={z:|z| <1}, .1
and take a = —1, b = 1. Then ¢ defined by
w = p(z) = log((1 + /(1 — 2)) (>z = $(w) = tanh(w/2)) (7.2)

maps & conformally onto 2’ (Eq. (6.1)) such that p(—1) = —o0, (1) = oo.
Paraphrasing Theorem 6.1, we get

CoOROLLARY 7.1. Let F be analytic in 2@ (Eq. (7.1)) and let

2
NF, 2) = lilglf | F(re'®) df < oo (7.3)
=17 Jg
Then®
' - 2ekh | e—%(2h)
(7.4)

This result was obtained in [14]; related results were obtained indepen-
dently in [11, 12, 15].
Paraphrasing Theorem 6.2, we get

COROLLARY 7.2. Let F be analytic in & (Eq. (1.1), let ¢ be defined as in
(7.2), G by
G(z) = 2F(2)/(1 — z?) (7.5)
and let

NG, 9) = lim | 1 Glre) db < oo, (1.6)

Then for all x € [—1, 1], x;, = tanh(kh/2),

2  re(x) — kh N(G, 9)
| P — 3 Fou) sine [£2, 2| < sohG-oy - )

The approximation (7.7) is believed to be new.

2 1t is readily seen that if (7.3) is satisfied then the corresponding integrals analogous to
(6.3) are also satisfied.
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Similarly, paraphrasing Theorem 6.3, we get the following explicit result,
which we believe to be new.

CoROLLARY 7.3. Let F be analytic in & (Eq. (1.1), let G, be defined by

G.(1) = 1 9)
where x € (—1, 1), and let
N(G,, @) = lim | G e d < . 1.9
=17 Jg
then
[P.V. LF@) dt~i < 1—x2 (‘x—kx,g"
| omi o Jyt—x 2mi o x{L  xxg) 1+ xxk)
e~ /(2h) R
< NG, , D), (7.10)

= D7 sinh(72/(2h))
where x; = tanh(kh/2 4+ h/4).

Let us next derive analogous approximation formulas over the interval
(0, o). For this case, we assume that F is analytic in

9 ={z:Rez > 0}, (7.113
and we take ¢ = 0, b = oo. Then ¢ and ¢ are given by
w = o(z) = log z, z = i{w) = e®, {7.12)

Paraphrasing Theorem 6.1, we get

COROLLARY 7.4. Let F be analytic in @ (Eq. (7.11)), let

N(F, @) = lim | VFe i) dy < o (7.13)
07+ J_o
and et .
/3
[ |F(Re®)| RdO >0 as R— co. (7.14)
Then
TR de—h S B | < =S 00 N @), (115
P, rRar T L € = Dsinh(zhy 0 MY

Results related to (7.10) were also obtained in [10, 11, 12, 14, 15].
Next, Theorem 6.2 yields an explicit interpolation formula over [0, o],
which we believe to be new.

640/17/3-4
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COROLLARY 7.5. Let F be analytic in @ (Eq. (7.11)), let G be defined by

G(z) = F(2)/z, (1.16)
let
MG, ) = lim J; | Gle + i)l dy < oo, (7.17)
and let
[ ,,/, | F(Re®®)| d§ — 0 (7.18)

as R — oo. Then for all x € [0, o0},

N(G, D)

< sinhGgeny - U9

Ao — 3 Fe sine [LBX =R <

We next apply Theorem 6.3, to get the following result, which we believe
to be new.

COROLLARY 7.6. Let F be analytic in @ (Eq. (1.11)), let x = (0, %), let G,
be defined by

Gt) = F(O[(t — x) (7.20)
and let
NG, , @) = lim f | Gulc + i) dy < o (7.21)
>0t Jp
and
At [2
J | F(Re!%)| df —~0  as R-—> . (7.22)
-7 /2
Then
PV f F(I) Z < ekh+h,/’2F(xekh+h/2)
e /e

< S sinhGA@R) Gz r D (7.23)

8. RATE oF CONVERGENCE AS A FUNCTION OF THE NUMBER OF POINTS

In the application of the formulas derived in the provious sections, it is
worthwhile to know the “price’” one has to pay to achieve a certain accuracy
and also the rate of convergence, in terms of the number of function
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evaluations that are required. We shall obtain such estimates, and thus
complete the description of the class of functions for which the derived
approximation formulas are expected to work well. The technique we use is
that used in a particular case in [14]. Throughout this section, C;, €7, and «
are positive constants, N is a positive integer, and C;(x) is a positive function
of x, which is bounded on the open interval under consideration, but which
may become unbounded at the end points of the interval.

Tet us first consider the approximation over {— o0, oo).

Tueorem 8.1, Lef fe B, p = 1lor2, d > 0 and let
[f()] < Cleil (8.1}
on [—o0, wl.
(a) Taking h = (wd/(aN))'2, yields

y ¢ — kh 7i /s
% fx)— Y fkh) sinc [_‘_F.h_]‘ < CNJa)L2 e~maal s (g 7y

k=—N

and

l:’rl t—Xx

}_P;“__’;f @ 4 ’27_]’1 S £ — kit sine? [i:,rﬁi]!

< Co(Nfm)t2 g=tndan (8.3)

for alil x = [—o0, ), and if f€ B, then

1 N
H e () dt — I Y fkl) e | L ariCye (N (8.9
“R k=—N

Jfor aif x € [—m/h, m[h].
(by Taking b = Qud/(aN)? and fe B, we get

N -
‘ fR F@dc—h Y fkh) ! < Clernnil (8.5

k=—N

while if f€ Bg®, p = 1 or 2, then for all x € [— o0, ],

) T M s 4 kR o+ £)2) . i
EEASEANY) < g~ p—(2adxN)
I JRI — X dt i 7‘=_‘%‘7[1] k+1/2 ] S amle ’

where [x] denotes the greatest integer < x.
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Proof. The proofs of each of the above results are similar, and we there-
fore restrict ourselves to proving one case only, namely, the case of (8.2).
The relation (8.5) was obtained previously in [14].

If fsatisfies the conditions of Theorem 8.1(a), then by Theorem 3.2,

i F6)— Y, Fkh) sincl(x —kh)/h]]

h=—N

< Clemii 4 Y (| f0d)| - | F(—h)))

k=N+1
< Clemin 4 2Ct Y ekt
k=N+1
= Clre_nd/h -+ 2C1(e—a(N+1)h/(1 _ e’”‘h))
< CYe ™/ - (2CY oh) e, 8.7

where C,’ is a constant, and where we have used the inequality o/ << e** — 1.
Taking 2 = (wd/(aN))'/? on the extreme right of (8.7) yields (8.2).

Let us next record estimates analogous to those of Theorem 8.1 for
approximations over (—1, 1) and over (0, o).

THEOREM 8.2. (a) Let F satisfy the conditions of Corollary 7.2, and on
[—1, 1], let | F(x)| < CY(1 — x®)~. Then, taking h = w/2aNN?2, o(x) =
log[(1 4+ x)/(1 — x)], yields

!F(x) Z F(tanh(kh/2)) sinc (M ‘ < Cy(Njo)l 2 g/t
(8.8)
Sfor all xe[—1, 11.

(b) Let F satisfy conditions of Corollary 1.1, and on (—1,1), let
[ F(x)] << C¥(1 — x®)-L. Then taking h = =w{(aN)'72,

N 2ekh P |
! j Foydx—h 3 -[_e,hh)‘,F(eM —

(c) Let F satisfy the conditions of Corollary 7.3, and on (—1, 1), let
| F(x)] < C3(1 — x>, Then by taking h = w/(aNY/2, x; = tanh(kh/2 + h/4),

we get
F) 4 h ¥ 1 —xz x -+ X
f t—x T 2w kz—_‘ka(l—f—xxk)F(l—l-xxk)

< a1C(x) el (8.10)

)l < a1C,e- N2 (8.9)

Jor all xe (—1, 1).
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THeoreMm 8.3. (&) Let F satisfy the conditions of Corollary 1.5, and on
(0, o0), let | F(x)] < Cw*/(1 + x®). Then, by taking h = =/(2aNY12, we get

N

7 — 3 Pty sine [FEE I < i e (g11)

k=-N

Jor all x € [0, oc].
(b) Let F satisfy the conditions of Corollary (1.4), and on (0, o), let
(GO < Cqxi(1 A X3 Then, by taking h = w/(aN )2, we get

- v ,
IJ F(xYdx — h Z e (ekh) i < wiCe— 7, (8.12)
0 A

k=—N
(c) Let F satisfy the conditions of Corollary 7.6, and on (0, @), let
F(o)| < C3x>Y(1 + X212, Then, by taking h = /(aN)4/?
PV. = F(5) h & eMrhi2F(xelhrhizy | . aia
- i ?—:\T dr — — ZV ehhE ! < ,;fl(,}{x) e—ﬂ(m‘\)l

i
(8.13)

i Jg

for all x (0, 0).
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